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INTRODUCTION 
While tomographie techniques for radiographic image reconstruction are weil 
established, the development of similar methods for ultrasonic data lags far 
behind. One of the principal reasons for this difference, despite the general 
similarity of the problems, is the fact that x-rays travel in a straight path even 
in nonhomogeneous medium and acoustic waves will generally follow a curved ray 
path. This intro duces an additional uncertainty (ray path) into the image 
reconstruction algorithm. A furt her complication for acoustie waves is 
anisotropy. In most conventional image reconstruction algorithms, it is assumed 
that each ray traversing a given pixel will interact with the material in exactly 
the same way. In anisotropie media, due to the direetional dependenee of 
material properties, this is no longer the case. In this work, we explore possible 
techniques for overeoming these !imitations. In partieular, a variational 
formulation, based on Fermat's principle, is used to correct for ray bending 
effects. Further, with the aid of some simplifying assumptions, corrections for 
directional property variations due to anisotropy can be introduced into the 
reconstruction algorithm. 
FERMAT'S PRINCIPLE FORMULATION (RAY BENDING) 
According to Fermat's principle, when a wave propagates from point A to point 
B, the wave will propagate along the ray path which takes least time to 
propagate from A to B. In previous work in this area to identify the actual path, 
iterative ray tracing approaches have been used with the desired path chosen 
from a finite number of candidate ray paths as the one with the shortest transit 
time (1-6) Berryman (7) used an interactive technique based on Fermat's principle 
incorporating a more sophistieated optimization procedure. Here, we approach 
the task of identifying the shortest travel time path as a variational problem. 
Here, for simplification and practieal interest, a two dimensional (x, y) 
velocity field is considered. If we denote the total time delay along any possible 
ray path y (x) as T (y) , then this time delay is a line integral along the ray 
path given by B 
T(y) = J 1 I ds ( 1 ) 
A v(x,y,y) 
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Here, note that the velocity is not only a function of position (x, y) but the 
slope of the ray (y') as weil. This allows us to incorporate anisotropy into the 
problem. 
For convenience, m(x,y,y') (slowness) is used to replace l/v(x,y,y') as 
B 
T(y) = !m(x,y,y') ds ( 2 ) 
A 
The differential length ds in the line integral is V1 + y!2 dx, the line integral 
can now be written as 
X B 
T(y) =!m(x,y,y')'/1 + y'2 dx (3 ) 
X A 
where x A and x B are the x-coordinates of points A and B respectively. Thus, 
the time delay has the general form 
X B 
T(y) = !F(X,y,y') dx ( 4) 
X A 
Obviously, the integral (time delay) depends not only on the slowness distribution 
but also on the path y (x). Using of standard techniques of variational calculus, 
the transit time minimization problem yields an Euler equation of the form 
(5 ) 
Eq. 5 is the governing equation for the signal path. The boundary conditions are 
determined from the positions of the transmitter and the receiver. Solution of 
the second order differential equation with the known boundary conditions will 
yield the minimum transit time ray path y (x) • 
Reconstruction Algorithm 
In tomography tomographic reconstruction is based on the observation that 
most of the quantities that we can measure experimentally (velocity, attention, 
etc) are in fact path integral. For example for a typical acoustics experiment, 
the transit time between source (a) and sensors (b) is given by 
b 
T =! m(s)ds (6 ) 
a 
where m(s) requests the slowness along a particular path between a and b. Here 
for the time being let us ignore anisotropy. By discretizing the domain into an 
nxn array of pixels the integral becomes a finite sum of the form (for ray ke) 
N N 
T kl = ~ ~ a kl .. m· . 
i=j j=i 2J 2J 
(7 ) 
where ak1ij represents the acoustic path length of ray ke in the ij th cell and 
mij represents the slowness in the ij th cell. The task then at least in principle 
is find the unknown mij through measurements of a sufficient number of transit 
times (N2 ) along different ray paths in the sample by inverting the resulting 
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system of coupled linear equations. The task, in practice, is somewhat more 
complicated due to sparse matrices and possible inconsistencies in the data. 
Therefore, alternative image reconstruction schemes have been developed to 
overcome these problems. 
One of the most commonly used reconstruction algorithm in acoustic 
tomography is the algebraic reconstruction technique or ART. ART is an 
iterative process where one beg ins with an arbitrary initial guess and modifies 
the solution to bring the estimated transit time into agreement with the 
measured experimental data. Only one ray is treated at a time. To illustrate 
the problem of the time delay T!J. (the time delay along ray path kl for the p.th 
interate) is obtained from the current values of the slowness mfj as 
N N 
T!J. = l! l! ak1ij mfj 
i=l j=l 
(8) 
Then the current values of mfj are updated so that the estimated time delay 
matches the measured time delay. This is accomplished by adding a correction 
factor 
A mfj (Tk1 - T!J.) ak1ij 
~ ~ (ak1ij ) 2 
~ ] 
so the new value for slowness in cell ij becomes 
(9 ) 
( 1 0) 
When the process is repeated for all the paths, one completes one iteration cycle. 
When the measurements are carried out in a noisy environment, a damping 
factor is usually employed to improve the convergence behavior and accuracy of 
the reconstructed image. In this modified version 
( 11 ) 
where Ä is the damping factor with a value between 0 and 1. When anisotropy 
is considered, the mathematics become somewhat more complicated but 
tractable providing one can make some simplifying assumptions ab out the 
symmetry of the problem. In Volume lOB of this series, we describe how the 
ART algorithm can be modified to treat the problem of a unidirectionally 
reinforced composite with local cure variations (8). This is the same basic 
algorithm used in this study. 
INTEGRATING ART and FERMAT'S PRINCIPLE into a SINGLE ALGORITHM 
The basic formulation of the tomographic imaging problem when ray bending is 
considered is similar to the basic problem statement as in eq. 7 except now the 
coefficients, ak1ij are also unknowns. One way to handle this situation is to 
incorporate the variational techniques discussed earlier into the standard ART 
iterative process. To do this, the variational approach is first used to find the 
curved ray path. Then, the modified coefficients ak1ij are used in the ART 
algorithm to update the unknowns mij • We then return to the ART algorithm to 
modify the previous slowness estimates, update the ray path, return to ART etc. 
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until a final image is obtained. The complete process is summarized in Fig. [I]. 
In practice, this process is applied after some number of iterations using straight 
path so an approximate image profile can be generated. 
In order to solve the differential equation in Eq. (5), various coefficients must 
be able to numerically evaluated. These coefficients include the partial 
derivatives of the slowness with respect to x and y. Here, a modified metric 
interpolation method developed by Shepard[9] is employed to accomplish this 
task. The mathematical properties of this scheme are discussed in detail by 
Gordon and Wixom[lO]. With this approach the interpolated (or extrapolated) 
value at any location is given by 
N 
1: fjrJ 
f(x,y) i=l 
N 
( 1 2 ) 
1: l/rJ 
i=l 
where f i is the value of function f at the i th known point and r i is the 
Euclidean distance from point i to the point to be interpolated (or extrapolated), 
that is, 
( 1 3 ) 
and a. is an arbitrary parameter chosen to best accommodate the material 
property gradient. A value about 20 for a. was found to be optimal in our studies. 
In solving the boundary value problem, we use a shooting approach with a fourth 
order Runge-Kutta formulation. 
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Figure 1 Algorithm Flow Chart 
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Figure 2. Ray path eorrections using Fermat's principle 
RESUL TS and DISCUSSION 
The ability of the variational method (for ray path ealculation) to handle 
material diseontinuities was explored for both isotropie Fig. [2a] and anisotropie 
Fig. [2b] media with a sharp diseontinuity in material properties. Results were 
eompared with Snell's law to determine the aeeuraey of the approach. Note the 
marked improvement in both path geometry and transit time predietion using the 
variational approach in eomparison with the straight ray path assumption. The 
only diserepaney between the aetual (Snell's law) ray path and the path predieted 
using Fermat's principle is in the vicinity of the interface where the sharp 
transition expeeted from Snell's law has been represented in a more gradual 
change in slope over a longer distanee. Otherwise, we feel the agreement is 
exeellent for both isotropie and anisotropie media. 
Figure 3 Specimen geometry 
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Figure 4 Experimental setup 
Figure 5 Tomographie image for 
eomposite with diffential eure state 
To verify the suitability of this approach experimentally, a test sampie was 
prepared to represent the test ease of a differentially eured eomposite with 
unidireetional reinforeement, Fig. [3]. Two differenee epoxy formulations were 
used to simulate variations in eure state. The sampie was instrumented with 
transdueers and transit times measured for multiple ray path within the sampie. 
The experimental configuration is shown in Fig. [4]. Results are presented in Fig. 
[5]. Results were found to be in good agreement, both quantitatively and 
quantities with the known material property variations in the domain. 
CONCLUSIONS 
1) The possible applieation of tomographie imaging to anisotropie media has 
been investigated. 
2) A method for ineorporating ray bending into the tomographie imaging 
problem has been devised. It is based on a variation al formulation of the 
problem using Fermat's prineiple. 
3) A model has been developed for tomographie in eomposites where the 
nature of the anisotropy is known. 
4) The model uses aversion of the ART algorithm whieh has been modified to 
aeeount for the direetional dependenee of aeoustie wave propagation in 
anisotropie media. 
5) Experimental results have been obtained for a test ease where eure 
variations are the souree of material inhomogeneity. Good agreement 
between theory and experiment was found. 
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